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We derive an analytic formula for the elastic bending modulus of single-layer black phosphorus
(SLBP) based on the valence force field model. The obtained elastic bending modulus is 4.8028 eV
and 7.9905 eV along the armchair and zigzag directions in the SLBP, respectively. These values are
obviously larger than the bending modulus of 1.4 eV in graphene due to the intrinsic finite thickness
for SLBP. Our derivation analytically illustrates that the elastic bending modulus of the SLBP is
proportional to the square of the intrinsic thickness of the SLBP.
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I. INTRODUCTION
Few-layer black phosphorus (BP) is another interesting
quasi two-dimensional system that has recently been ex-
plored as an alternative electronic material to graphene,
boron nitride, and the transition metal dichalcogenides
for transistor applications1–4. This initial excitement
surrounding BP is because unlike graphene, BP has a
direct bandgap that is layer-dependent. Furthermore,
BP also exhibits a carrier mobility that is larger than
MoS2
2. The van der Waals effect in bulk BP was dis-
cussed by Appalakondaiah et.al.5 First-principles calcu-
lations show that single-layer BP (SLBP) has a band gap
around 0.8 eV, and the band gap decreases with increas-
ing thickness.2,6 For SLBP, the band gap can be manip-
ulated via mechanical strain in the direction normal to
the BP plane, where a semiconductor-metal transition
was observed.7,8
The single-layer BP has a characteristic puckered
structure, which leads to the two anisotropic in-plane
directions. As a result of this puckered configu-
ration, anisotropy has been found in various prop-
erties for the single-layer BP, such as the optical
properties,9–11 the electrical conductance,12 the mechan-
ical properties,5,13–16 and the Poisson’s ratio.15,17,18
The rippling phenomenon becomes unavoidable in low-
dimensional materials, like the SLBP, as the elastic bend-
ing modulus is normally quite small for these one-atomic-
thick structures. Graphene has very small bending mod-
ulus (around 1.4 eV),19–21 so it is a highly flexible struc-
ture and its properties can be manipulated through bend-
ing or bending induced strain. However, the bending
phenomenon should be avoided in some graphene based
electronic nano-devices. In such situation, the elastic
graphene can be sandwiched by other two-dimensional
materials with larger bending modulus,22 such as the
MoS2 with elastic bending modulus around 9.61 eV.
23
Although the elastic bending modulus plays an impor-
tant role for the two-dimensional material, the value of
the elastic bending modulus for the SLBP has not been
predicted to date, which is thus the focus of the present
work.
In this paper, we analytically derive the elastic bend-
ing modulus for the SLBP, where the atomic interaction
is described by the valence force field model (VFFM).
The bending modulus is found to be 4.8028 eV and
7.9905 eV along the armchair and zigzag directions, re-
spectively. The anisotropy in the bending modulus is dis-
cussed based on the geometrical coefficients in the SLBP.
The large bending modulus as compared with graphene
is attributed to the finite thickness of the SLBP, since
the analytic derivation shows that the bending modulus
is proportional to the square of the finite thickness.
II. STRUCTURE AND NOTATIONS
The atomic configuration of the SLBP is shown in
Fig. 1 (a) for side view along the armchair direction and
(b) for side view along the zigzag direction. Atoms are di-
vided into the top group (blue online) and bottom group
(red online). Fig. 1 (c) is the top view for the structure.
Atoms 2, 3, 4, 7, and 8 are in the top group, while atoms
1, 5, and 6 are in the bottom group. The bond between
atoms from the same group is the intra-group bond de-
noted by d1, eg. d1 = r23 = r16. The bond formed by
atoms from different groups is the inter-group bond de-
noted by d2, eg. d2 = r12. In a similar way, θ1 is used to
denote intra-group angles like θ328, which are formed by
two intra-group bonds. We use θ2 to denote inter-group
angles like θ321, which are formed by an intra-group bond
and an inter-group bond.
We use the structure determined in the experiment.24
Two in-plane lattice constants are a1 = r37 = 4.376 A˚
and a2 = r24 = 3.314 A˚. The out-of-plane lattice con-
stant is a3 = 10.478 A˚. There are four inequivalent
atoms in the unit cell ~a1 × ~a2 of the SLBP, which will
be chosen as atoms 1, 2, 3, and 6 in this work. The
coordinate of these atoms are ~r1 = (−ua1, 0,−va3),
~r2 = (ua1, 0, va3), ~r3 = (0.5a1 − ua1, 0.5a2, va3), and
~r6 = (−0.5a1+ ua1, 0.5a2,−va3), where the origin of the
Cartesian coordinate system is assumed to be the mid-
2FIG. 1: (Color online) Structure for SLBP. (a) and (b) are two side views. Atoms are divided into top group (blue online) and
bottom group (red online). (c) Top view for the SLBP. (d) SLBP is bent by a curvature κ along the armchair direction; i.e.,
SLBP is bent into a cylinder with radius R = 1/κ. Atoms in the top group sit on the outer cylindrical surface with radius
R + d, with 2d as the distance between the top and bottom groups. Atoms in the bottom group sit on the inner cylindrical
surface with radius R− d. (e) SLBP is bent along the zigzag direction. The x-axis passes through the middle of atoms 1 and 2.
dle of ~r12. The x-axis is in the armchair direction and
the y-axis is in the zigzag direction. The two dimension-
less parameters are u = 0.0806 and v = 0.1017. The
bond lengths from the experiment are d1 = 2.2449 A˚ and
d2 = 2.2340 A˚, and the two angles are θ1 = 96.359
◦ and
θ2 = 102.094
◦.
A uniform bending is applied to the SLBP. More specif-
ically, for a bending with curvature κ, the SLBP is rolled
up onto a cylindrical surface with radius R = 1/κ along
the armchair direction in Fig. 1 (d), and along the zigzag
direction in Fig. 1 (e). After bending, the top atoms
(blue online) sit on the outer cylindrical surface with ra-
dius R + d, and the bottom atoms (red online) are on
the inner cylindrical surface with radius R − d, where
2d = 2va3 is the distance between the top group and the
bottom group.
It is necessary to introduce a subscript σ = ± to dis-
tinguish quantities in the outer and inner surfaces for
the SLBP after bending. For instance, the intra-group
bond length r23 (from top group) and r16 (from bottom
group) has the same value of d1 in the SLBP plane, but
these two bonds have different value after bending. We
introduce d±1 to denote intra-group bond length from the
outer/inner cylindrical surface. The subscript σ is trivial
for the inter-group bond length (dσ2 ) in the bent SLBP.
However, we will keep this subscript in dσ2 in the fol-
lowing derivation for consistency. Similarly, we have the
intra-group angle θσ1 , with σ = ± for angles within the
outer/inner surfaces. The angle θ+2 is for the inter-group
angle like θ321, whose peak (atom 2) is on the outer sur-
face. The angle θ−2 is for the inter-group angle like θ216,
whose peak (atom 1) is on the inner cylindrical surface.
III. EMPIRICAL ENERGY DENSITY
Several empirical potentials have been developed to de-
scribe the atomic interaction for the SLBP, including the
VFFM potential25 and the Stillinger-Weber potential.26
Both potentials were fitted to the phonon dispersion of
the SLBP. The Stillinger-Weber potential includes some
nonlinear properties, so it can be applied in molecular
dynamics simulations of the SLBP. The VFFM is a lin-
ear model, so it is suitable for the investigation of linear
properties in the SLBP, like the elastic bending modulus
studied in this work. The VFFM is convenient for de-
riving analytic expressions for elastic properties thanks
to its simplicity. An analytic expression is of help for an
explicit understanding of the elastic properties. Hence,
we will apply the VFFM to derive an analytic formula
for the elastic bending modulus of the SLBP.
There are nine terms in the VFFM potential,
Vr =
1
2
Kr (∆d1)
2
; (1)
V ′r =
1
2
K ′r (∆d2)
2
; (2)
Vθ =
1
2
Kθd
2
1 (∆θ1)
2 ; (3)
V ′
θ
=
1
2
K ′
θ
d1d2 (∆θ2)
2
; (4)
Vrr′ =
1
2
Krr′ (∆d1) (∆d1) ; (5)
V ′rr′ =
1
2
K ′rr′ (∆d1) (∆d2) ; (6)
Vrθ =
1
2
Krθd1 (∆d1) (∆θ1) ; (7)
V ′
rθ
=
1
2
K ′
rθ
√
d1d2 (∆d1) (∆θ2) ; (8)
V ′′
rθ
=
1
2
K ′′
rθ
√
d1d2 (∆d2) (∆θ2) . (9)
3TABLE I: Parameters (in eVA˚−2 ) for the VFFM potential from Ref 25.
Kr K
′
r Kθ K
′
θ Krr′ K
′
rr′
Krθ K
′
rθ K
′′
rθ
9.9715 9.4598 1.0764 0.9341 1.1057 1.1057 0.7207 0.7207 0.7207
The VFFM describes the energy variation of the system
due to a small change in the bond length (∆bi) and the
angle (∆θi) with i = 1, 2, which are induced by bending
in the present work. The Vr term describes the bond
stretching energy for intra-group bond lengths like r23.
The V ′
r
term is the energy corresponding to the bond
stretching for inter-group bond lengths like r12. The Vθ
term describes the energy associating with the variation
of intra-group angles like θ234. The V
′
θ
term describes the
energy variation due to the variation of the inter-group
angles like θ123. The Vrr′ term describes the potential en-
ergy for the simultaneous variation of two different intra-
group bonds like r23 and r24. The V
′
rr′
term gives the
potential energy for the simultaneous variation of bonds
like r21 and r23. The Vrθ term is for the energy associ-
ation with the simultaneous variation of an intra-group
bond like r32 and an intra-group angle like θ234. The V
′
rθ
term gives the potential energy for the simultaneous vari-
ation of an inter-group angle like θ123 and an intra-group
bond like r23. The V
′′
rθ
term gives the potential energy
for the simultaneous variation of an inter-group angle like
θ123 and an inter-group bond like r12. All parameters are
shown in Tab. I. The unit of these parameters has been
converted from dyne/cm in the original work to eVA˚−2.
Based on the VFFM potential, the bending energy den-
sity (W ) is
W × S0 =
∑
σ=±
(2Vr + V
′
r + 2Vθ + 4V
′
θ + 2Vrr′
+4V ′
rr′
+ 4Vrθ + 4V
′
rθ
+ 4V ′′
rθ
), (10)
where S0 = a1a2 is the area of the unit cell. The right-
hand side gives the total bending energy for the unit cell
~a1 × ~a2.
IV. BENDING MODULUS
The bending modulus can be obtained through its def-
inition,
D =
∂2W
∂κ2
=
1
S0
∑
σ=±
(2×Krα
σ2
1 +×K
′
r
α+22 + 2×Kθd
2
1β
σ2
1
+4×K ′
θ
d1d2β
σ2
2 + 2×Krr′α
+2
1 + 4×K
′
rr′
ασ1α
σ
2
+4×Krθd1α
σ
1β
σ
1 + 4×K
′
rθ
√
d1d2α
σ
1β
σ
2
+8×K ′′
rθ
√
d1d2α
σ
2β
σ
2 ), (11)
where the bending-induced variations for the bond length
and the angle have been expressed as linear functions of
curvature; i.e., ∆dσ
i
= ασ
i
κ and ∆θσ
i
= βσ
i
κ, with i =
1, 2 and σ = ±. We have introduced eight geometrical
coefficients,
ασ1 =
∂dσ1
∂κ
|κ=0; (12)
ασ2 =
∂dσ2
∂κ
|κ=0; (13)
βσ1 =
∂θσ1
∂κ
|κ=0; (14)
βσ2 =
∂θσ2
∂κ
|κ=0. (15)
The elastic bending modulus is determined by these eight
geometrical coefficients. We thus will derive analytic ex-
pressions for these eight geometrical coefficients in the
following.
A. Geometrical coefficients for armchair direction
We first derive geometrical coefficients for the armchair
direction. We examine the structure change for the SLBP
after it is bent in the armchair direction as shown in
Fig. 1 (d). For the intra-group bond length d+1 (eg. r23),
both atoms 2 and 3 are in the outer cylindrical surface
with radius R+ d. We find the lattice vector to be
~r23 =

 (R + d) cos
[
κ
(
1
2
− u
)
a1
]
(R+ d) sin
[
κ
(
1
2
− u
)
a1
]
1
2


−

 (R + d) cos (κua1)(R+ d) sin (κua1)
0

 . (16)
The first derivative of the lattice vector is
∂~r23
∂κ
|κ=0 =

 −
1
4
(
1
2
− 2u
)
a21
d
(
1
2
− 2u
)
a1
0

 . (17)
As a result, the first derivative of the bond length is
α+1 =
∂r23
∂κ
|κ=0 =
1
r23
~r23 ·
∂~r23
∂κ
=
d
d1
(
1
2
− 2u
)2
a21 = 1.0485A˚
2. (18)
For the intra-group bond length d−1 (eg. r16) on the inner
cylindrical surface, an analogous derivation gives α−1 =
−α+1 = −1.0485A˚
2.
4The inter-group bond length is d+2 = d
−
2 = r12. The
lattice vector ~r12 is
~r12 =

 2d cos (κua1)2R sin (κua1)
0

 . (19)
The first derivative of the lattice vector is
∂~r12
∂κ
|κ=0 = 0. (20)
The first derivative of the bond length is
α±2 =
∂r12
∂κ
=
1
r12
~r12 ·
∂~r12
∂κ
= 0. (21)
We now examine the variation for the intra-group angle
∆θ+1 (eg. θ328). From the definition cos θ
+
1 = nˆ23 · nˆ28,
we get the first derivative of the angle
β+1 =
∂θ+1
∂κ
|κ=0 = −
1
sin θ1
(nˆ′23 · nˆ28 + nˆ23 · nˆ
′
28)
= −
1
sin θ1
[
2
dd1 − α1
d31
(
1
2
− 2u
)2
a21 +
2α1
d31
1
4
a22
]
= −1.0481A˚.
For the other intra-group angle θ−1 = θ561, an analogous
derivation gives β−1 = −β
+
1 = 1.0481A˚.
For the inter-group angle θ+2 (eg. θ321), we get the
derivative of the angle,
β+2 =
∂θ2
∂κ
|κ=0
= −
1
sin θ2
[
d
d1d2
(
1
2
− 2u
)2
a21 +
α1
d21d2
2u
(
1
2
− 2u
)
a21
]
= −0.5684A˚.
For the other inter-group angle θ−2 (eg. θ612), an analo-
gous derivation gives β−2 = −β
+
2 = 0.5684A˚.
B. Geometrical coefficients for zigzag direction
We now derive the geometrical coefficients for the
zigzag direction; i.e., the SLBP is bent in the zigzag di-
rection as shown in Fig. 1 (e). For the intra-group bond
length d+1 (eg. r23), the lattice vector in the bent SLBP
is
~r23 =

 (R+ d) cos
(
κ 1
2
a2
)
(R+ d) sin
(
κ 1
2
a2
)(
− 1
2
+ u
)
a1

−

 R+ d0
−ua1

 . (22)
The first derivative of the lattice vector is
∂~r23
∂κ
|κ=0 =

 −
1
8
a22
d
2
a2
0

 . (23)
The first derivative of the bond length is
α+1 =
∂r23
∂κ
|κ=0 =
1
r23
~r23 ·
∂~r23
∂κ
=
1
d1
d
4
a22 = 1.3097A˚
2.
(24)
For the other intra-group bond length d−1 (eg. r16), an
analogous derivation gives α−1 = −α
+
1 = −1.3097A˚
2.
The inter-group bond length is d+2 = d
−
2 = r12. The
lattice vector ~r12 is
~r12 =

 R− d0
ua1

−

 R+ d0
−ua1

 =

 −2d0
2ua1

 . (25)
The first derivative of the lattice vector is
∂~r12
∂κ
|κ=0 = 0. (26)
The first derivative of the bond length is
α±2 =
∂r12
∂κ
=
1
r12
~r12 ·
∂~r12
∂κ
= 0. (27)
For the variation of the intra-group angle ∆θ+1 (eg.
∆θ328), we get the first derivative of the angle
β+1 =
∂θ+1
∂κ
|κ=0
=
−1
sin θ1
[
−
1
2
d
d21
a22 −
2α1
d31
[
−
1
4
a22 +
(
−
1
2
+ 2u
)2
a21
]]
= 1.0503A˚. (28)
For the other intra-group angle θ−1 (eg. θ561), an analo-
gous derivation gives β−1 = −β
+
1 = 1.0503A˚.
For the inter-group angle θ+2 (eg. θ321), we get the first
derivative of the anlge
β+2 =
∂θ2
∂κ
|κ=0
= −
1
sin θ2
[
d
d1d2
1
4
a22 −
α1
d21d2
2u
(
−
1
2
+ 2u
)
a21
]
= −0.7217A˚. (29)
Similarly, for the other inter-group angle θ−2 (eg. θ612),
an analogous derivation gives β−2 = −β
+
2 = 0.7217A˚.
C. Discussions on bending modulus
In the above, all geometrical coefficients have been
derived analytically for armchair and zigzag directions.
These geometrical coefficients are summarized in Tab. II.
To validate the analytic derivations, these analytic re-
sults are checked against the numerical results in Figs. 2
and 3. Lines illustrate the analytic results, while numer-
ical results are displayed by points. For a given curva-
ture κ, the bond length dσ
i
and angle θσ
i
(with i = 1, 2)
5TABLE II: Geometrical coefficients for bent SLBP with curva-
ture κ. The other four parameters are α−1 = −α
+
1 , α
−
2 = −α
+
2 ,
β−1 = −β
+
1 and β
−
2 = −β
+
2 . The dimension is A˚
2 and A˚ for
α and β, respectively.
α+1 α
+
2 β
+
1 β
+
2
arm 1.0485 0.0 -1.0481 -0.5684
zig 1.3097 0.0 1.0503 -0.7217
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FIG. 2: (Color online) The curvature (κ) dependence for bond
length. The SLBP is bent either in the armchair or zigzag
direction. (a) The intra-group bond length d±1 . Numerical
results are denoted by points. Lines denote the analytic ex-
pressions dσ1 = d1 + α
σ
1κ. (b) The inter-group bond length
d±2 . Numerical results are denoted by points. Lines denote
the analytic expressions dσ2 = d2. Quantities with σ = + have
opposite behavior from those with σ = −.
are calculated numerically from a SLBP nanotube with
radius R = 1/κ, where P atoms are on the inner cylin-
drical surface with R − d and outer cylindrical surface
with R + d. Fig. 2 (a) shows that, the bending-induced
variation for the intra-group bond dσ1 from the analytic
expressions agree quite well with the numerical results
up to κ = 0.1 A˚−1. There are some small deviations
(less than 0.1%) between the analytic results and the
numerical results for the inter-group bond length d2 for
κ > 0.06 A˚−1 as shown in Fig. 2 (b). This deviation is
 80
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FIG. 3: (Color online) The curvature (κ) dependence for an-
gle. The SLBP is bent either in the armchair or zigzag di-
rection. (a) The intra-group angle θ±1 . Numerical results
are denoted by points. Lines denote the analytic expressions
θσ1 = θ1 + β
σ
1 κ. (b) The inter-group angle θ
±
2 . Numerical
results are denoted by points. Lines denote the analytic ex-
pressions θσ2 = θ2+β
σ
2 κ. Quantities with σ = + have opposite
behavior from those with σ = −.
quite small. Fig. 3 shows that the analytic expressions
for the angle variation agree with the numerical results.
These numerical calculations prove that the analytic ex-
pressions are valid and are suitable for bending with small
curvature.
Inserting geometrical coefficients into Eq. (11), the ob-
tained bending modulus is 4.3147 eV and 8.6014 eV along
the armchair and zigzag directions, respectively. These
values are sandwiched between the value of 1.4 eV for
single-layer graphene19–21 and the value of 9.61 eV for the
single-layer MoS2.
23 Through the analytic derivation, we
can find that the finite thickness is very important for the
SLBP to have a higher bending modulus than graphene.
More explicitly, all geometrical coefficients are propor-
tional to the finite thickness (2d) for the SLBP. As a
result, the bending modulus is proportional to d2, which
agrees with the well-known relationship from the shell
theory, D = E2Dh2/(12(1 − ν2)), with E2D as the two-
dimensional stiffness, h as the thickness, and ν as the
6 0
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Vrθ
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FIG. 4: (Color online) The bending modulus in the SLBP
that is bent in the armchair or zigzag direction. The bending
modulus contributed by each VFFM potential term is dis-
played by a set of symbol. The total bending modulus is also
displayed in the first set of symbol.
Poisson’s ratio.
The bending modulus in the zigzag direction is obvi-
ously larger than the armchair direction. Fig. 4 compares
the bending modulus value contributed by each VFFM
potential term in the armchair and zigzag directions. All
VFFM potential terms give larger bending modulus in
the zigzag direction than the armchair direction, except
the V ′
rθ
term that contributes larger value for the bending
modulus in the armchair direction. There are three po-
tential terms (V ′
r
, V ′
rr′
, and V ′′
rθ
) having no contribution
to the bending modulus in both armchair and zigzag di-
rections. It is because α±2 = 0; i.e., the inter-group bond
length d2 doesn’t change during the bending of the SLBP.
It is quite interesting that Vrθ and V
′
rθ
contribute neg-
ative value for the bending modulus, because the bond
length and angle have opposite variation behavior during
the bending of the SLBP.
V. CONCLUSION
To summarize, we have derived an analytic formula
for the elastic bending modulus of the SLBP, using the
VFFM potential. The obtained bending modulus is pro-
portional to the finite thickness of the SLBP, which agrees
with the elastic theory. The anisotropy in the bending
modulus is discussed based on the individual contribution
from each VFFM potential term. There are six VFFM
potential terms that have nonzero contribution to the
bending modulus, and only one of these six terms leads to
larger bending modulus in the armchair direction, while
the other five terms give larger bending modulus in the
zigzag direction. As a result, the bending modulus is
obviously larger in the zigzag direction.
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